The purpose of this paper is to present efficient and accurate analytical expressions for large amplitude free vibration and post-buckling analysis of unsymmetrically laminated composite beams on elastic foundation. Geometric nonlinearity is considered using Von Karman's strain-displacement relations. Besides, the elastic foundation has cubic nonlinearity with shearing layer. The nonlinear governing equation is solved by employing the variational iteration method (VIM). This study shows that the third-order approximation of the VIM leads to highly accurate solutions which are valid for a wide range of vibration amplitudes. The effects of different parameters on the ratio of nonlinear to linear natural frequency of beams and the post-buckling load-deflection relation are studied.
Introduction
Laminated composite beams (LCB) with high stiffness and strength to weight ratio are increasingly used in the design of many engineering structures. Furthermore, the increasing use of beams as structural components resting on an elastic medium in various fields such as marine, civil and aerospace engineering has necessitated the study of their dynamic behavior at large amplitudes. Hence, natural responses of these structures are essentially nonlinear and are described by nonlinear equations.
Generally in a given nonlinear problem, it is often difficult to find an analytic solution unless numbers of different simplifying assumptions are considered. Otherwise, application of different numerical techniques is unavoidable. It should be noted that it is hard to have a complete and indispensable understanding of a nonlinear problem out of these numerical results. In addition, numerical difficulties appear if a nonlinear problem has singularities or multiple solutions.
Nonlinear free vibrations analysis of an isotropic beam has received a good amount of attention in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] whereas relatively little attention have been devoted for dynamic analysis of unsymmetrically LCB beams which shows anisotropic behavior [13] [14] [15] .
Azrar et al. [1] have developed a semi-analytical approach to the nonlinear dynamic response problem based on Lagrange's principle and the harmonic balance method. An analytical method for determining the vibration modes of geometrically nonlinear beams under various edge conditions has been presented by Qaisi [2] . Guo and Zhong [3] have investigated nonlinear vibrations of thin beams based on sextic cardinal spline functions, a spline-based differential quadrature method. Nonlinear modal analysis approach based on invariant manifold method is utilized to obtain the nonlinear normal 0307-904X/$ -see front matter Ó 2010 Elsevier Inc. All rights reserved. doi:10.1016/j.apm.2010.05.012 modes of a clamped-clamped beam for large amplitude displacements by Xie et al. [4] . Nayfeh and Nayfeh [5] have obtained the nonlinear modes and natural frequencies of a simply supported Euler-Bernoulli beam resting on an elastic foundation with distributed quadratic and cubic nonlinearities using the method of multiple scales and the invariant manifold approach. A Galerkin finite element method has been presented for studying nonlinear vibrations of beams describable in terms of moderately large bending theory by Bhashyam and Prathap [6] . Nonlinear normal modes of vibration for a hinged-hinged beam with fixed ends have been evaluated considering both the continuous system and finite element models by Carlos et al. [7] . The geometrically nonlinear analysis of flexible sliding beams based on the assumptions of Euler-Bernoulli beam theory has been studied by Behdinan et al. [8, 9] . The nonlinear vibrations of an Euler-Bernoulli beam with a concentrated mass attached to it are investigated by Karlik et al. [10] . Free nonlinear and undamped vibration analysis of flexible nonprismatic Euler-Bernoulli beams has been investigated by Fertis and Afonta [11] . The beam carries its own weight, as well as other weights that are attached to the beam and participate in its vibrational motion. Pirbodaghi et al. [12] have used the first-order approximation of the homotopy analysis method to investigate the nonlinear free vibration analysis of Euler-Bernoulli beam.
An exact solution for the post-buckling of a symmetrically laminated composite beam with fixed-fixed, fixed-hinged, and hinged-hinged boundary conditions is presented by Emam and Nayfeh [13] . Patel et al. [14] have investigated nonlinear free flexural vibrations and post-buckling of laminated orthotropic beams resting on a class of two parameter elastic foundation using a three-nodded shear flexible beam element. Malekzadeh and Vosoughi [15] have studied the large amplitude free vibration analyses of symmetric angle-ply laminated thin beams on nonlinear elastic foundation with elastically restrained against rotation edges.
The objectives of the present paper are to use the VIM to obtain a closed-form solution for the large amplitude free vibrations and post-buckling analysis of unsymmetrical laminated composite thin beams on the nonlinear elastic foundation and to study the influence of different parameters on the frequency and post-buckling loads of the LCB.
Problem formulation
Consider a straight laminated beam of length, width b and the mass per unit length m that is subjected to an axial force of magnitude b P as shown in Fig. 1 . The force and moment resultants per unit length based on the classical lamination theory (CLT) can be written as [16] :
in whichŵ andû are the transverse and axial displacements of the beam along theẑ-andx-coordinates, respectively. The stiffness coefficients A 11 , B 11 and D 11 are given as follows [16] :
and Q ðkÞ 11 is the stiffness transformed to thex direction, b Z k is the height of the kth layer and n is the number of laminas. Applying the same processes mentioned in [13] , the governing equation of free vibration of an unsymmetrical LCB can be obtained:
Lŵ ;x ðL;tÞ Àŵ ;x ð0;tÞ
whereŵ is the transverse deformation of the beam along the b Z-coordinate; b F w is the distributed transverse force;t is the time and comma denotes derivative with respectx to ort.
The load-displacement relationship of the foundation is assumed as:
in whichk 1 andk 2 are linear and nonlinear elastic foundation coefficients, respectively andk s is the coefficient of shearing layer in elastic foundation. For the subsequent results to be general, we use the following non-dimensional variables:
where r ¼ ffiffiffiffiffiffiffiffiffiffiffi ðI=AÞ p is the radius of gyration of the cross section. As a result, we write Eqs. (3) and (4) as follows:
in which:
The nonlinearity of the equation of motion is of cubic order. We note that for a symmetric laminate, the coupling stiffness B 11 and therefore K vanish.
Assuming w(x, t) = /(x)w(t) where /(x) is the first eigenmode of the beam and using the Galerkin method, the governing equation of motion is obtained as follows:
where coefficients a i are presented in Appendix A. The beam centroid is subjected to the following initial conditions:
where a denotes the non-dimensional maximum amplitude of oscillation. Note that, for isotropic and symmetrically laminated beams, the coefficient w(t) 2 , a 2 is identically zero. The analysis of nonlinear vibrations for unsymmetrically laminated beams is thus significantly different from that of isotropic and symmetrically laminated beams. The bending-stretching coupling (the coefficient B 11 ) induces the quadratic term w(t) 2 . Post-buckling load-deflection relation of the LCB can be determined from Eq. (8) as:
Neglecting the contribution of w in Eq. (10), the linear buckling load can be obtained as:
3. Method of solution
Variational iteration method
In this method, the problems are initially approximated with possible unknowns. Then a corrected functional is constructed using a general Lagrange multiplier, which can be identified optimally via the variational theory [17] . To illustrate the basic idea of the method, we consider the following general nonlinear system:
where L is a linear differential operator, N is a nonlinear analytic operator, and g(t) is an inhomogeneous term. The basic character of the method is to construct a correction functional for the system as follows:
w nþ1 ðtÞ ¼ w n ðtÞ þ Z t 0 kðsÞ L½w n ðsÞ þ N½w n ðsÞ À gðtÞ
where k is a general Lagrange multiplier, which can be identified optimally via the variational theory. Also, w n is the nth approximate solution andw n represents a restricted variation, i.e. dw n ¼ 0.
Implementation of the VIM in LCB vibrations
For convenience, the nonlinear governing equation of motion i.e. Eq. (8) is rewritten as:
The governing Eq. (14) using Eq. (12) can be rewritten in the form:
The correction functional can be constructed in the following form:
w n is considered as a restricted variation, i.e. dw n ¼ 0, hence dN½w n ðsÞ ¼ 0. Calculating the variation of Eq. (17) and noting that dN½w n ðsÞ ¼ 0, the following equations will be produced: 
The Lagrange multiplier, therefore, can be easily identified as:
On the other hand, by taking into consideration the relation: Considering the initial conditions w(0) = a and _ wð0Þ ¼ 0, the correction functional can be further simplified as follows:
sin xðs À tÞ N½w n ðsÞ f g ds: ð23Þ
As an initial guess, w 0 ðtÞ can be considered as follows:
Expanding N[w 0 (t)], we have: n -1;
To avoid secular terms in the next iterations, the coefficient of the cos xt in N[w 0 (t)] should be vanished. It follows that the first approximation of the frequency is obtained as follows:
From Eqs. (23) and (25) for n = 1, first-order approximate solution is obtained as:
where frequency is given by Eq. (27), and therefore:
where coefficients C i 's are given in Appendix B.
Avoiding the secular term in the next iteration, needs: 
Numerical results and discussions
To demonstrate the accuracy of the VIM, the procedure explained in previous section is applied to obtain nonlinear to linear frequency ratio ðx NL=x L Þ of the isotropic beams with simply supported and clamped boundary conditions in which (a 1 = 97.4091, a 2 = 0,a 3 = 24.3523) and (a 1 = 501.8177, a 2 = 0,a 3 = 76.3051), respectively.
The comparison of (x NL /x L ) of such beams with those reported in the literature is shown in Table 1 . It can be observed that the results obtained from the VIM, those reported by Refs. [1, 2, 12] and the numerical results using the fourth order Runge-Kutta method with step size 0.001, are in an excellent agreement.
The material AS4/3501 Graphite-Epoxy, having the following mechanical properties, is used for the computer simulation study: Table 1 Comparison of nonlinear to linear frequency ratio (x NL /x L ).
Simply Supported
Clamped-Clamped Unless mentioned otherwise, the LCB lay-up configuration is taken to be [0/90/0/90]. The boundary conditions of the LCB are also considered simply supported.
To show the precision of the obtained analytical results, the authors also calculate the variation of non-dimensional amplitude ratio versus t for the LCB center using fourth order Runge-Kutta method with step size 0.001. Comparison between these results is shown in Fig. 2 in which (a 1 = 97 .4091, a 2 = 8.7330, a 3 = 28.4346). As can be seen in the figure, the results obtained using the VIM has a good agreement with numerical results. Now we have used the above formulation to investigate the effects of foundation parameters, axial force P and lay-up configuration on the nonlinear free vibrations and post-buckling behaviors of LCB with simply supported end conditions. Non-dimensional nonlinear frequency (x NL /x L ) and non-dimensional nonlinear buckling load-displacement relation (P NL / P L ) versus non-dimensional amplitude (a) obtained here are presented in Figs. 3-7. P NL is calculated by maximizing the function of Eq. (10) in one period of vibration. It can be observed from Figs. 3, 5 that an increase in the value of linear elastic foundation stiffness and shearing layer stiffness results in decreasing hardening characteristic of the beam i.e. decrease in the rate of increase in the nonlinear frequency and post-buckling strength with amplitude. Whereas it is shown in Fig. 4 that an increase in the value of nonlinear elastic foundation stiffness has inverse results on the nonlinear frequency and post-buckling strength i.e. the rate of increase in these figures enhances with an increase in nonlinear foundation stiffness.
The influence of cross-ply lay-up configuration on the nonlinear frequency and post-buckling load is investigated in Fig. 6 . It can be seen that the nonlinear natural frequency of the LCB and post-buckling load with [0/90/90/0], [0/90/0/90] and [90/ 0/0/90] lay-up configuration increases from lower values to higher values, respectively. Therefore, the lay-up of the laminate can be manipulated to control the beam response. Fig. 7 deals with the effect of initial and pre-buckled non-dimensional axial force on the nonlinear natural frequency. It can be concluded that the values of nonlinear frequency decrease with raise in the axial force, whereas nonlinear to linear frequency ratio enhance with an increase in the value of axial force.
Conclusions
Analytical expressions for the nonlinear fundamental natural frequency and post-buckling load-deflection relationship of the LCB on the nonlinear elastic foundation are obtained using the VIM. The geometrical nonlinearity is modeled using VonKarman's assumptions. The convergence and accuracy of the method are investigated by comparing the results with those available from the literature and also with those of numerical results. The presented expressions are convenient and efficient for the nonlinear analysis of the LCB.
The influence of the foundation parameters and lay-up configuration on the nonlinear natural frequency and post-buckling behavior are studied. The obtained results can be used to help design and optimize the LCB response. The influence of linear and shear layers of foundation is to weaken the nonlinear behavior of the LCB, whereas the effect of the nonlinear foundation stiffness is to harden the beam response. It was also shown that the beam response can be controlled by suitable lay-up configuration of the laminate.
